Abstract: This paper proposes a cumulated sum (CUSUM) test for the null hypothesis of quantile cointegration. A fully modified quantile estimator is adopted for serial correlation and endogeneity corrections. The CUSUM statistic is composed of the partial sums of the residuals from the fully modified quantile regression. Under the null, the test statistic converges to a functional of Brownian motions. In the application to US interest rates of different maturities, evidence in favor of the expectations hypothesis for the term structure is found in the central part of the distributions of the Treasury bill rate and financial commercial paper rate, but in the tails of the constant maturity rate distribution.
Introduction
The cointegration methodology developed by Engle and Granger (1987) has given rise to numerous studies of long run equilibrium relationships among nonstationary economic variables, such as stock price and market fundamentals (Campbell and Shiller 1987, 1988a,b) , short-and long-term interest rates (Engle and Granger 1987; Stock and Watson 1988; Hansen 1992) , and aggregate consumption and income (Campbell 1987; Engle and Granger 1987) . There is a substantial literature on cointegration tests for time series models. Traditional testing procedures include Engle and Granger (1987) who propose a unit root test on the residuals from the cointegrating regression allowing for heteroskedasticity. Phillips and Ouliaris (1990) analyze the nonstandard asymptotic properties of the Engle-Granger tests. In contrast, Johansen (1988 Johansen ( , 1991 Johansen ( , 1995 proposes maximum likelihood test statistics that follow multivariate unit root distributions. Among various approaches the residual based Engle-Granger type tests have been popular due to computational convenience. For example, in a bivariate setting, the residuals ˆt u are calculated from the ordinary least squares (OLS) regression of y t on x t . If the errors (residuals ˆ, t u in practice) follow a stationary process, denoted I(0), then y t and x t are cointegrated. If the error process has a unit root, denoted I(1), then there is no long run equilibrium between y t and x t .
In the Engle-Granger test, if the (augmented) Dickey-Fuller test rejects that the residuals contain a unit root, then we reject the null hypothesis of no cointegration against the alternative of cointegration. However, since long run equilibrium relationship is of particular interest to economists, some authors focus on the null of cointegration using residual based procedures (Park, Ouliaris, and Choi 1988; Park 1990; Shin 1994) . More recently, Xiao and Phillips (2002) apply the conventional cumulated sum (CUSUM) test for structural change to cointegrating regression residuals and develop a consistent residual based test for the null of cointegration. Particularly, the fully modified approach proposed by Phillips and Hansen (1990) is used for serial correlation and endogeneity corrections. To examine the fluctuation in the equilibrium error from the cointegrating regression, Xiao and Phillips (2002) calculate the cumulative sum of the residuals from the fully modified OLS regression. Under the null of cointegration, the residuals are expected to follow a stable process and the CUSUM test statistic converges to a functional of Brownian motions free of nuisance parameters. Under the alternative of no cointegration, the fluctuations in the residuals have larger order of magnitude and the test statistic diverges to infinity asymptotically. This robust test is easy to implement and has good finite sample performance. Furthermore, Xiao (2009) extends the cointegration methodology to quantile regressions. In the quantile cointegrating regression, leads and lags of the integrated regressors are included to account for endogeneity. The cumulative sum of the resulting residuals has the same asymptotic behavior as that from the fully modified regression considered by Xiao and Phillips (2002) . However, in the dynamic model, selecting the lengths of leads and lags can be an issue.
Tests based on the CUSUM statistics were originally introduced to investigate whether a regression relationship is stable over time (Brown and Durbin 1968) . Brown, Durbin, and Evans (1975) test constancy of the regression coefficients based on the cumulated sum of squared recursive residuals. Ploberger and Kramer (1992) apply the CUSUM test of parameter stability to OLS residuals from a stationary model. Hao and Inder (1996) propose a diagnostic OLS based CUSUM test for structural change in cointegrated regression models. Although used for different purposes, it should be emphasized that the cointegration models studied by Hao and Inder (1996) and Xiao and Phillips (2002) have the same behavior under the null hypotheses, but have different behaviors under the alternatives.
This paper extends the analysis of Xiao and Phillips (2002) to the case of conditional quantiles, since the long run relationship among nonstationary time series may not be uniform. In practice, locations in the distribution other than the mean may matter for cointegration analysis. To examine the equilibrium relationships across different quantiles of the distribution of the response variable, the CUSUM test is employed to test the null hypothesis of quantile cointegration. Similar to the OLS regression, in the quantile regression with I(1) regressors, due to serial correlation between the regression disturbance and the innovation of the integrated regressors and long run endogeneity in the data, the quantile estimator for the cointegrating coefficients is second-order biased and depends on nuisance parameters. In this case, it is difficult to make inference. To solve this problem, this paper uses a Phillips-Hansen type fully modified quantile estimator. The resulting limit distribution is mixed normal so that it provides a standard inference procedure. The CUSUM test statistic is composed of partial sums of the residuals from the fully modified quantile regression. Under the null of quantile cointegration, the test statistic has the same limit distribution as that from Xiao and Phillips (2002) .
A great number of empirical papers find that the interest rate process is I(1) and test for cointegration among interest rates of different terms to maturity. The seminal paper of Campbell and Shiller (1987) demonstrates that present value models of the term structure imply cointegration of short-and long-term interest rates. Engle and Granger (1987) , Stock and Watson (1988) , Boothe (1991) , Hansen (1992) , Hall, Anderson, and Granger (1992) , Mandeno and Giles (1995) , and Downing and Oliner (2007) among others also discuss the expectations theory of the term structure of interest rates. A more complete review of work on the expectations hypothesis of the term structure is provided in Iacone (2009) . These papers consider various US interest rate series, including different yield series on the federal funds rate, Treasury bill rate, and commercial paper rate. The results are mixed. This paper applies the residual based quantile cointegration test to several sets of US interest rate data. The quantile version of the CUSUM test rejects the expectations hypothesis of the term structure in certain quantiles of the interest rate distributions.
The remainder of this paper is organized as follows: In Section 2, the model is set up. The asymptotic theory for the fully modified quantile estimator and test statistic is developed. In Section 3, the empirical application is discussed. Section 4 concludes the paper. All proofs are provided in the Appendix.
Theory

The model
Let {w t } be an m-vector time series generated by Xiao and Phillips 2002) . We assume that ξ t satisfies a multivariate invariance principle:
where "⇒" denotes weak convergence of the associated probability measures in the space D [0, 1] under the Skorohod metric, [Tr] signifies the integer part of Tr, and B w (r), 0 ≤ r ≤ 1, is a vector of Brownian motions with covariance matrix Ω. In general, the long run covariance matrix is defined as
In addition, the one-sided long run covariance is Δ = Σ+Λ. Consider y t as a scalar, x t as a k-dimensional vector, and m = k+1. We have 
Thus, the long run covariance Ω is of the form: (Engle and Granger 1987; Phillips and Ouliaris 1990) . In the linear regression y t = α′d t +β′x t +u t = θ′z t +u t , where θ = (α′, β′)′ and ( , ) ,
u y z θ = − ′ In the conventional linear case, as discussed by Xiao and Phillips (2002) , a CUSUM statistic can be constructed based on the fully modified OLS residuals to test cointegration between y t and x t .
However, least squares methods are confined to estimating conditional mean functions for linear models. In order to account for the nonlinearity in the long run relationship, the analysis is generalized to the entire conditional distribution of y t , which is represented by quantile τ with τ∈(0, 1). Using the quantile regression method introduced by Koenker and Bassett (1978) , any percentage point in the distribution of the response variable y t conditional on observed covariates x t can be estimated. This method provides a comprehensive picture of the conditional distribution (Koenker and Bassett 1978; Koenker and Hallock 2001) . Denote ℱ t as the information set up to time t, so x t ∈ℱ t . Let F(·) and F t (·) = Pr(u t < ·|ℱ t ) be the unconditional and conditional cumulative distribution functions of u t and define the τth unconditional and conditional quantiles of u t by
respectively. With the additional assumption that
Under this restrictive specification, all quantiles share the same slope coefficient β. However, the slope coefficient may depend on the innovation process u t . In this case, the conditional quantile of the error term can be modeled as
Consequently, we have the following quantile regression model:
where θ(τ) = (α′(τ), β′(τ))′. The quantile dependent regression coefficient vector θ(τ) can characterize the possibly nonlinear long run relationship between y t and x t . Nonetheless, for each τ the conditional quantile of y t is formulated as a linear function of θ(τ) so that the unknown coefficients can be estimated by linear programming (Koenker and Hallock 2001) .
Estimation method
Consider the following objective function with asymmetric weights on positive and negative residuals:
Here, function ρ τ (·) is the asymmetric absolute deviation loss function defined by ρ τ (u) = u(τ-I(u < 0)), also known as the check function (Koenker and Bassett 1978) . Define ψ τ (u) = τ-I(u < 0). For the τth quantile, the unknown regression coefficients are estimated by minimizing the sum of asymmetrically weighted absolute residuals such that
where
Assumptions
The following assumptions are imposed in order to derive the asymptotic distribution of the test statistic.
Assumption 1 Define
( ) ( ( ( )), )
.
The partial sum process of ξ t (τ) satisfies a multivariate invariance principle:
where ( 
is absolutely continuous and has a continuous density function f t (u) such that
1 0 ( ( )) t t f F τ − < < ∞ for t = 1, …, T.
Assumption 3 The density function f t (υ T ) is uniformly integrable for any sequence
Assumptions 2 and 3 are two standard technical assumptions in the quantile regression literature such as Xiao (2009 ), Qu (2008 , and Oka and Qu (2011) 2 . These two assumptions ensure that the conditional density function is uniformly continuous, bounded, and integrable in some neighborhood of the τth quantile.
Theoretical results
If the above assumptions hold, the estimates of the regression coefficients will converge to their true values. Let D T be a diagonal matrix. The presence of D T is due to the different convergence rates of the coefficients associated with the deterministic trend and integrated regressors. When the regression model contains an intercept such that d t = 1, we have
Since the convergence rate of the coefficient on the trending variable is T, the diagonal matrix becomes
T k D diag T TI + = From now on the integral "∫ " denotes integration from 0 to 1 and the argument of the Brownian motions are "r," 0 ≤ r ≤ 1, unless otherwise specified. Similar to Theorem 1 in Xiao (2009) , under the null hypothesis of cointegration denoted H 0 , the limit distribution of the coefficient estimator is given by the following representation:
Theorem 1 Under H 0 and Assumptions 1-3, ˆ( ) θ τ is a consistent estimator of θ(τ) and
is the one-sided long run covariance between ξ 2t and ψ τ (u t (τ)).
The asymptotic representation is composed of integrals of Brownian motions and a bias term. In particular, the asymptotic distribution of the cointegrating coefficient estimator ˆ( ) β τ is as follows:
is a k-dimensional demeaned or detrended Brownian motion. In the presence of serial cross correlation, the limit distribution of ˆ( ) β τ has a second-order bias term Δ xψ . Also, the above limit distribution depends on the nuisance parameter Ω, since the distribution of xd B dB ψ ∫ depends on the correlation between B x and B ψ , which is unknown in general. In order to develop useful inference procedures, the bias and nuisance parameter need to be removed. Moreover, to make the model parsimonious, instead of including leads and lags of the nonstationary regressors as in the quantile-varying cointegration model of equation (9) from Section 3.1 of Xiao (2009) , this paper exploits the Phillips-Hansen type fully modified estimator to correct the serial correlation and endogeneity. As suggested by Phillips and Hansen (1990) and Phillips and Loretan (1991) , the fully modified estimator displays superior properties than those of the usual estimator 3 . Following Phillips and Hansen (1990) The long run variance 2 ψ ω can be estimated by the following kernel estimator:
is a kernel function defined on [-1, 1] with K(0) = 1, and M is the bandwidth that M→∞ and M/T→0. The other elements in the long run variance Ω τ and the one-sided long run covariance can be estimated in the similar fashion. Let
Ω Ω Ω ∆ = ′ and ˆx x ∆ are the kernel estimators: . As suggested by Andrews (1991) and Xiao and Phillips (2002) , the Bartlett kernel and a plug-in bandwidth are adopted such that
where ˆ( 0, ) . ) ( ) ( ( )) , (τ)). The density function can be estimated using the Gaussian kernel and Silverman's "rule-of-thumb" bandwidth.
Consequently, the fully modified estimatorˆ( ) β τ + follows a mixed normal distribution in the limit such that ( ( ) ( )) ( ( ))
where ( (1) under max ( ( )) ( ) under .
Under H 0 , the cumulated sum of the fully modified residuals converges to a functional of Brownian motions. For the quantile regression model, the residuals from the fully modified quantile regression is calculated as ( ) ( ), 
In particular, 
For each quantile level τ, the asymptotic distribution is the same as that from the linear case. Simulated critical values are tabulated in Tables 1 and 2 from Hao and Inder (1996) and Table 1 from Xiao and Phillips (2002) . Hao and Inder (1996) also consider the CUSUM statistic, however, for testing the null hypothesis of parameter constancy. Under the null of no structural change, the test statistic from their model has the same asymptotic distribution as the cumulative sum statistic here. The limit distributions are different under the alternatives. The empirical size and power properties of the CUSUM test for cointegration are evaluated via simulation by Xiao and Phillips (2002) . In the case of quantile regression, the finite sample properties of the test are similar to those from the fully modified OLS regression. Under H 1 , the cumulated sum of the fully modified residuals diverges to infinity. Note that the fully modified residuals of the quantile regression model can be rewritten as:
As shown in Lemma 1 of Xiao and Phillips (2002) , under H 1 , as T→∞, M→∞, and M/T→0, 
The following theorem presents consistency of the test: 
Empirical study
The theoretical model can be applied to examining the term structure of interest rates, and, more specifically, to testing the hypothesis of cointegration of short-and long-term interest rates. The expectations theory of the term structure of interest rates suggests that interest rates should be cointegrated if can be characterized as I(1) processes.
According to the generalized-present-value (GPV) model, any long-term yield can be expressed as a function of current and expected short-term yields (Boothe 1991) . Engle and Granger (1987) and Campbell and Shiller (1987) test the model of the term structure and find that the yields of domestic bonds that differ only by term to maturity are intimately linked. Since interest rates in the US are usually characterized as nonstationary processes, the spread between these interest rates of different terms to maturity should be stationary if the expectations theory of the term structure holds. This means that short-and long-term rates are cointegrated.
Many papers have tested the expectations hypothesis for the term structure using US yield series on the federal funds rate (Hansen 1992) , Treasury bill rate (Stock and Watson 1988; Boothe 1991; Hall, Anderson, and Granger 1992; Hansen 1992; Mandeno and Giles 1995) , and commercial paper rate (Downing and Oliner 2007) . In this paper, three sets of data are considered. The data comprises daily observations of interest rates of different yields from the U.S. Department of the Treasury and the Board of Governors of the Federal Reserve System. The interest rate statistics include daily Treasury bill rates, 6 U.S. government securities/Treasury constant maturities (nominal) interest rates, 7 and financial commercial paper rates. 8 The frequency is one observations. The regression model contains an intercept term but no time trend (d t = 1), as a result of which y t = α(τ)+β(τ)x t +u t (τ). Nine representative quantile levels, τ = 0.1, 0.2, …, 0.9, are considered. The bandwidth for the fully modified kernel estimator is 1 3 2 . M T = As a pretest to investigate the properties of the interest rate series, the augmented Dickey-Fuller (ADF) test does not reject that the logarithm of each rate has a unit root, but strongly rejects a unit root in the first difference of the series. Thus, the interest rates are I(1).
The estimation and test results are summarized in Tables 1-3 . For each quantile τ, the fully modified coefficient estimate ˆ( ) β τ + and the CUSUM test statistic CS T (τ) are reported. Let * denote the case where the CUSUM test rejects the null of cointegration at 5% level and let ** denote rejection at 1% level. For each instrument, the evidence in support of the expectations hypothesis for the term structure is mixed over different quantiles, since the CUSUM test fails to reject cointegration in various positions over the interest rate distributions.
As Tables 1 and 2 show, short-and long-term bank discount and coupon equivalent Treasury bill rates and financial commercial rates are generally cointegrated in the central part of the distribution, but not in the tails. In the first panel of Table 1 , 4-, 13-, and 26-week Treasury bill bank discount rates are cointegrated with each other for the inner quanitles. Also, the 90% quantile of the 13-week bank discount rate is cointegrated with the 4-week rate. Similarly, the 90% quantile of the 26-week rate and the 4-week rate are cointegrated. From the second panel of Table 1 , the corresponding coupon equivalent Treasury bill rates follow a similar pattern. There is evidence of cointegration when the quantile level is between 0.4 and 0.6. The upper quantiles of the 13-and 26-week coupon equivalent rates are cointegrated with the 4-week rate. In Table 2 , for the 30-, 60-, and 90-day financial commercial rates, the null of cointegration is retained around the median in most cases. However, the distributions of the 30-and 90-day rates are not cointegrated in either direction. In addition, the fully modified coefficient estimates ˆ( ) β τ + are highly significant in the cases when cointegration is not rejected.
The results from the model with the Treasury constant maturities interest rates or the Treasury yield curve rates are different. In many cases, the null of cointegration is retained in either the lower or upper tail. In Table 3 , the Treasury constant maturities interest rates of shorter terms, such as the 3-and 6-month rates, are cointegrated with rates of longer terms in the lower tail of the distribution. The 6-month constant maturities rate is cointegrated with the 3-month rate in the upper tail. Similarly, there is cointegration relationship between the 90% quantile of the 12-month rate and the 6-month rate. However, the distribution of the 12-month rate is not cointegrated with the 3-month rate. Also, when cointegration is not rejected, the fully modified coefficient estimates ˆ( ) β τ + are highly significant. In general, the expectations hypothesis for the term structure is supported in the inner quantiles for Treasury bill rates and financial commercial rates. For the constant maturity Treasury rates, cointegration relationships are found in the tails of the interest rate distributions. One explanation may be that each interest rate itself exhibits asymmetric adjustment dynamics over the business cycle 9 (Koenker and Xiao 2004) . Hence, results from the multifactor (term structure) model also display some asymmetry in the median, lower, or upper quartiles of the interest rate distributions.
Conclusion
This paper provides a cumulated sum test for the null hypothesis of quantile cointegration. In order to correct serial correlation and long run endogeneity, a Phillips-Hansen type fully modified quantile estimator for the cointegrating coefficients is employed to remove the second-order bias and nuisance parameters. For this semiparametric correction, the long run covariance between the regression disturbance and the innovation of the I(1) regressors is estimated using the Bartlett kernel with the plug-in bandwidth, as suggested by Andrews (1991) and Xiao and Phillips (2002) . The CUSUM test statistic is composed of the partial sums of the residuals from the fully modified quantile regression. For each quantile, under the null of cointegration, the test statistic converges to a functional of Brownian motions.
The model is applied to several sets of daily US interest rate data. The US interest rates are found to be nonstationary and integrated of order one. Over various quantiles, evidence of cointegration is mixed. In the conditional quantile context, the expectations hypothesis for the term structure is retained only in part of the interest rate distribution for certain data sets.
In addition, several extensions can be made to the model. For example, it is relevant to incorporate structural changes in the quantile regression, since the long run relationship among the nonstationary variables may not be time-invariant. Also, ignoring the possibility of structural break can affect the power of cointegration tests (Gregory 1994; Gregory and Hansen 1996) . In empirical studies, for example, Hansen (1992) , Hall, Anderson, and Granger (1992) , and Mandeno and Giles (1995) all consider a possible regime shift in the term structure data due to the Federal Reserve's policy change. By allowing for structural changes, one can estimate and test the quantile cointegration relationship, which is possibly unstable over time. Theorem 1 can be proved following the procedure in Section A.1 from Xiao (2009) , since under the null hypothesis of cointegration the model in this paper has the same asymptotic behavior as the quantile cointegrating regression considered by Xiao (2009) . Let "Σ" denote summation over t from t = 1 to t = T unless otherwise specified. For a single quantile τ, the unknown quantile regression coefficients ˆ( ) θ τ are estimated by the minimization problem:( ) ( ( ), ( )) arg ( ). min (φ) . Since the check function ρ τ (·) is convex, the objective function G T (φ) is also convex, which is similar to the convex random function discussed in Knight (1989) 
10
. According to Lemma A of Knight (1989) , if the finite-dimensional distributions of G T (φ) converge weakly to those of G(φ) and G(φ) has a unique minimum, the convexity of G T (φ) implies that φ converges in distribution to the minimizer of G(φ).
11
It will be shown later that G(φ) is convex and differentiable so that it has a unique minimizer.
To derive the asymptotic distribution of the consistent estimator ˆ( ), θ τ we have 12 Similar to the argument of Knight (1989) , Pollard (1991) approximates the objective function as G T (φ) by a quadratic function as G(φ) and shows that φ lies close enough to the minimizing value of G(φ) to share its asymptotic behavior.
